Background: Deuteron induced reactions serve as surrogates for neutron capture into compound states. Although these reactions are of great applicability, no theoretical efforts have been invested in this direction over the last decade. Purpose: The goal of this work is to establish on firm grounds a theory for deuteron induced neutron capture reactions. This includes formulating elastic and inelastic breakup in a consistent manner. Method: We describe this process both in post and prior form distorted wave Born approximation following previous works and discuss the differences in the formulation. While the convergence issues arising in the post formulation can be overcome in the prior formulation, in this case one still needs to take into account additional terms due to non-orthogonality. Results: We apply our method to the 53 Nb(d,p)X at E d =15 MeV and 25 MeV, and are able to obtain a good description of the data. We look at the various partial wave contributions, as well as elastic versus inelastic contributions. We also connect our formulation with transfer to neutron bound states.
I. INTRODUCTION
Neutron capture reactions A(n,γ)B are very important in astrophysics, for the production of heavy elements, but are equally relevant in stewardship science, since it is through neutron capture that fission is induced and chain reactions begin. Most often, for low energy neutrons, the capture proceeds through continuum states, forming a compound nucleus (A+n→ B * ) that then decays, either through gamma emission to the ground state, or through other particle channels. The direct measurement of neutron capture is challenging, particularly because most of the targets of interest have short halflives and neutrons cannot be made into targets. A proposed alternative it to use deuterons as surrogates [1] . In this indirect method, the proton inside the deuteron behaves mostly as a spectator, the neutron inside the deuteron is delivered to the target surface and gets absorbed by the target A(d,p)B * . Since this is a compound nucleus reaction, the final compound nucleus decays in the same way as after A+n→B
* . An example of a recent measurement applying the surrogate method is the 171,173 Yb(d,pγ) experiment performed at LBNL [2] . The measurement was performed on a nucleus for which neutron capture cross sections were already available. The neutron capture cross-sections extracted in the deuteron induced reactions were in fair agreement with those measured directly.
While the exclusive process A(d,pn)A (with A left in its ground state) is clearly identified as elastic breakup, the rest of the cross section arising from the inclusive process A(d,p)X, where only the proton is measured in the final state, is harder to name because it encompasses many different processes. Some refer to this component of the cross section as inelastic breakup, breakup-fusion or partial fusion. In this work, we will always use the term non-elastic breakup.
Although there are important applications of the surrogate method for neutron capture, no theoretical development has taken place in the last two decades to establish the method on firm grounds. In terms of direct reaction mechanisms, this process can be seen as inelastic breakup followed by fusion, or neutron transfer to the continuum. Significant theoretical effort took place in the eighties with the main idea being first introduced by Kerman and McVoy [3] , with the works of Udagawa and Tamura [4] and Austern and Vincent [5] appearing shortly after. In [4] the authors assume the process A(d,p)B * is a two step process, first breakup of the deuteron followed by fusion of the neutron. They describe this in distorted wave Born approximation in prior form and make a number of additional approximations (we will denote this theory as UT). In [5] , the starting point is the post-form distorted wave Born approximation, and the authors assume that the target gets excited only by the neutron-target interaction (we will denote this theory as AV). One difficulty in this method is the convergence of the matrix element. In both [5] and [4] , all (d,p) transfer cross sections to the excited states are summed without explicitly introducing the properties of these states. This is of course a key aspect in describing inclusive processes. As it turned out, cross sections obtained with the post (AV) theory did not agree with those obtained with the prior (UT) theory. This generated a heated controversy that lasted a decade and was never fully resolved.
A detailed analysis of the UT theory is presented in [6] , where several approximations are considered including the zero range approximation and the surface approximation. The authors of [6, 7] argue that the theory of AV includes unphysical components which should be corrected by inclusion of a non-orthogonality term. On the other hand, Ichimura et al. [8] in their detailed examination, conclude that certain implicit approximations made in the optical reductions by UT are at the heart of the disagreement. Although several groups revisited the matter later [9] [10] [11] [12] , establishing a relationship between the various theories, the controversy on the relevance of the non-orthogonality term was never resolved. Nowadays, many of the approximations made in the early eighties have become unnecessary, and thus it makes sense to revisit the issue.
Two recent works have applied the AV theory to study a variety of reactions [13, 14] . In Lei and Moro [13] these reactions include deuteron breakup on 58 Ni at intermediate energies, deuteron breakup on 93 Nb at lower energies and 6 Li elastic scattering on 209 Bi around the Coulomb barrier. In order to deal with the convergence of the amplitude, the authors in [13] construct continuum bins corresponding to a square integrable wave packet obtained averaging the scattering states over energy. These studies [13, 14] show that, overall, the AV theory provides a good description of the processes considered.
Given the recent experimental interest in the surrogate method, it is critical to develop a theory that is practical and reliable. Our overall goal with this work is exactly to establish such a theory, which can then serve as a starting point to make further improvements in the future. In this work we will present our own derivations of the elastic and inelastic breakup amplitudes in both the post (AV) and the prior (UT) forms, within the distorted wave Born approximation (section II). We will show that these two theories are indeed equivalent if no further approximations are made, although the post formalism introduces numerical difficulties which are avoidable by the prior formalism. We will also show that a nonorthogonality term and additional cross-terms naturally arise in the UT theory. This is a consequence of the fact that when writing the amplitude in the prior form, no easy separation between the breakup process and the excitation process is possible. In other words, in the prior formalism, breakup and excitation are entangled. These days, however, their computation poses no difficulty. Following the work of [15] , in section III, we will use the same framework to study neutron transfer to bound states. This establishes an important connection between scattering and bound states, and provides a stringent test for the theory. We apply the method to surrogate reactions of deuterons on 93 Nb for beam energies in the range of 10-20 MeV to compare with data, as done by [16] (section V). We analyze our results and dissect the various contributions, in terms of angular momentum, as well as the relative magnitude of elastic versus non-elastic cross sections. Finally, in Section VI, we draw our conclusions and provide an outlook into further possible developments. Let us consider the reaction A(d,p)B* which includes elastic breakup and any other inelastic processes. In this section, we follow closely the work by Austern et al. [5] and derive the post-form amplitude for the process. We will adopt a spectator approximation for the proton, which means the proton-target interaction will not explicitly excite the target A. We will thus start by substituting the proton-target interaction V Ap (r Ap , ξ A ) by an optical potential U Ap (r Ap ). In addition, for the purpose of our derivation, we have considered A to be infinitely massive. However, in the actual numerical applications, the recoil of the nucleus A is fully taken into account.
The three-body Hamiltonian for the problem is
where K n and K p are the kinetic energy operators acting on the neutron and proton coordinates respectively. We now consider the model wavefunction
where φ d is the deuteron eigenfunction, φ A is the ground state of the target nucleus, and φ c B represents the c'th eigenstate of the final compound nucleus B. These wave functions satisfy
Here, K np is the kinetic energy of the neutron-proton motion, and h A is the internal Hamiltonian of the target nucleus A. In Fig. 1 we define the coordinates that we use in our formulation. These will become useful throughout this section.
Considering only first order in the couplings between the incoming deuteron channel i and the final proton channel f , the coupled equations for the unknowns χ i and χ f simplify to the distorted wave Born approximation (DWBA) differential equations, and can be written in either prior and post form [17] ,
where the initial and final Hamiltonians are
with the prior and post operators
and the energies
For a target A with a big but finite mass, the post form will include a negligible remnant term U Ap − U Bp , U Bp being the optical potential between the proton and the nucleus B. In the approximation in which the proton is treated as a spectator, it is important to note that, in any case, this term does not depend upon the intrinsic coordinates of the target A.
According to eq. (4), an auxiliary wavefunction X f defined by
is such that, in the post representation,
The non-orthogonality term φ c B |φ d φ A vanishes for large values of the proton coordinate, so X f and χ f are asymptotically identical. Therefore, the T -matrix T dc for the detection of the proton after the population of the state φ c B of the residual nucleus has two equivalent expressions:
and the celebrated post-prior equivalence in DWBA is verified. The proton distorted wave χ
f satisfies the equation:
The inclusive cross section is summed over all B channels of a given energy. The inclusive breakup cross section for the process d + A → p + B is thus
where the round brackets indicate that we only integrate over the proton coordinate. Here, V stands for either V prior or V post ,
is the proton level density, and E p is the kinetic energy of the detected proton. The energy-conserving delta function δ(E − E p − ε c B ) can be written as the imaginary part of the spectral expansion
This Green's function, in operator form, is simply
Since V np is not contained in h B , Eq. (14) can be interpreted as a propagator in the breakup channel, i.e., when the deuteron bound state is absent. Furthermore, if we choose the post representation of Eq. (11), we have the advantage that the potential V = V post = V pn (r pn ) does not depend on ξ A , so we can directly project the Green's function onto the target ground state, the so-called optical reduction,
The exact form of U An obtained from the above projection operation is the Feshbach optical potential for the n−A system in the ground state of A, and includes the effects of all possible excitations of A due to the interaction with the neutron. In the present paper we use, instead, a global optical potential obtained from a systematic fitting to elastic scattering data [18] . For both positive and negative energies, this optical potential U An = V An + iW An (with V An , W An real) should be interpreted as an energy-averaged approximation to the exact Feshbach potential.
The inclusive cross section has thus the post-form expression
Because the real potential V np (r np ) cannot excite the nucleus A, this formalism suggests a two-step mechanism: V np (r np ) first breaks up the deuteron and then G opt B propagates the system in the breakup channel, eventually leading to the absorption of the neutron in the complex field U An .
It is useful to extract from Eq.(16) the contributions of breakup without the excitation of the target A (elastic breakup, EB), and non-elastic breakup (NEB) where the target no longer remains in its ground state. To this purpose, we trans-
where G 0 is the propagator in free space. We now define the scattering waves |χ n (r n ; k n ) subject to the optical potential U An :
where |χ 0 (r An ; k n ) is a free plane wave with momentum k n . From these expressions, we obtain
The first term of Eq. (17), when used in Eq. (16), gives rise to DWBA elastic breakup. For this we have transition matrix elements
The elastic-breakup differential cross section for the protons is given by integrating over the neutron angles:
where, in conjunction with the proton density introduced in Eq. (12), we use the neutron density of states
The second term of Eq. (19) gives rise to the non-elastic breakup cross section. Defining the post form of the source term,
and the neutron wavefunction
the non-elastic breakup differential cross section can then be written as
Eq. (19) suggests that the elastic and non-elastic breakup have a common origin. In Appendix A, we show that flux conservation laws give rise to separate elastic and non-elastic terms in a consistent manner.
B. General formalism in the prior representation (UT)
Computing the neutron wavefunction Eq.(24) presents well known numerical difficulties. As the deuteron wavefunction φ d and the post potential V pn have the same argument, the source term (23) oscillates indefinitely as a function of the neutron coordinate, and the integral in Eq.(25) converges exceedingly slowly. There are methods to deal with this numerical problem. Alternatively we follow Udagawa and Tamura (UT) and revert to the prior representation. Let us first write the inclusive cross section in the prior representation,
where V prior = V An +U Ap −U d is the prior interaction potential (see Eq. (6)). Now, however, the optical reduction defined by Eq. (15) cannot be readily applied, because V prior acts on the intrinsic coordinates ξ A of the nucleus A and does not commute with φ A . We will thus split V prior in a term that can induce breakup (and commutes with φ A ) and a term that can excite φ A (and commutes with χ
Note that, when doing the averaging over the states of the target, some terms drop out. Introducing ∆U = U Ap − U Ad , we can write:
where
When taking the imaginary part in Eq.(26), the last term in Eq.(28) gives no contribution since it is a real operator. If we substitute E n − K n with U An , we have
It is convenient to rewrite Eq.29 in the following form:
The substitution of E n − K n with U An might seem dubious, because, even if it is clear from the first line of Eq. (11) that we are dealing with on-shell quantities, the second line seems to formally include off-shell terms. But, if we consider E n −K n = G It is now convenient to define the prior-form source term
Note that the operator ∆U + U An differs from the prior interaction defined in Eq.(6), namely the complex optical potential U An is used instead of the real interaction V An that causes core excitation. The prior-form neutron wave function is
We also need to introduce the non-orthogonality function:
This last expression defines the neutron "source" function obtained by Hussein and McVoy (HM) using somewhat different approximations [10] . Now, inserting (30) in (26), we can arrive at:
We can apply the identity (19) to remove from the first term of (34), the elastic breakup contribution. The remaining terms represent the total non-elastic breakup cross section:
The first term corresponds to elastic breakup followed by capture, while the third one contains all other processes involving the n + A system. As we will show all three terms are, in general, important, and have to be simultaneously taken into account. For completeness, we present in Appendix B the partial wave decomposition of these results. We have just shown that the non-orthogonality term in the above expression arises when disentangling the elastic and non-elastic breakup contributions from V prior . On the other hand, an identical non-orthogonality function appears for different reasons in the derivation of the standard DWBA equations in the post form, but has been dropped because of the equivalence of the final (proton channel) distorted waves X f and χ f in the asymptotic region (see eq. (7)). Nonetheless, in Eq.(25) the proton distorted wave is certainly needed for small values of the proton coordinate, so the question may arise whether the latter non-orthogonality function should be kept after all for its derivation.
To see that such a term is actually not needed, let us check the consequences of including it. By examining eq. (4), it can be seen that this is equivalent to making the replacement:
in eq. (11) . We obtain from the post-form matrix element in Eq. (11):
where we have used eqs. (10) and (24). Taking into account that h B + E p − E G B = 1, we get
When taking the imaginary part, only the first term of the above expression survives, and we obtain again Eq. (16) . We conclude that the post source term defined in eq. (23) should not include a non-orthogonality contribution.
C. Transfer to bound states
The sort of breakup processes we are considering can be thought of as transfer to the continuum. One would like to have one framework to describe both transfer to bound states and continuum states. The Green's function formalism allows for this connection. This idea was first proposed in [15] . We write the partial wave coefficients of the Green's function G opt B (r An , r An ) defined in Eq.(15), as
where k n = √ 2m n ε/ , and f l (k n , r An ) (g l (k n , r An )) is the regular (irregular) solution of the homogeneous equation
At the origin we impose lim r An →0 f l (k n , r An ) = 0 for the regular solution. At large distances the boundary condition of course depends on whether the energy ε is positive or negative. For scattering neutron states (positive ε),
while for final neutron bound states (negative ε),
with κ n = √ −2m n ε/ . If the imaginary part W An of the neutron-target optical potential is small, we can use first order perturbation theory to express
and φ n , E n are the eigenfunctions and eigenvalues of the Schrödinger equation corresponding to the real part of the optical potential. If we now consider an energy E close to an isolated resonance, i.e. |E − E n | |E m − E n |, only the nth term of the sum will contribute to the Green's function, and
The resulting neutron wave function is
According to the particular nature of the source term (see Eqs. (23) and (31)), the integral in Eq. (45) has the form of a oneneutron transfer DWBA amplitude
to the single-particle state φ n of the target-neutron residual nucleus. We can then write:
and the final neutron wavefunction ψ n (r An ) can be interpreted as the nth eigenstate of the neutron-target (real) singleparticle potential times the direct transfer amplitude to this particular state, modulated by an energy denominator. The absorption cross section is proportional to the matrix element
As a consequence, if the transfer amplitude T (1NT) n is approximately constant in an energy interval of the order of Γ n , the energy-dependent differential cross section around a resonance has a Lorentzian shape, and the integrated cross section under the peak is independent of W An for small enough W An .
It can be shown (see Appendix C) that there is a simple relationship between the cross section for the capture of a neutron in a bound state of finite width and the cross section for direct transfer to the corresponding zero-width bound state. Assuming again that T (1NT) n is essentially constant in an energy range of the order of Γ n = 2 W An , we have
where dσ n dΩ is the direct transfer differential cross section to the nth eigenstate of the real potential. At the resonance energy peak (E = E n ), we have the simple relationship
III. RESULTS
A. Numerical details
We present the results obtained for the reaction 93 Nb(d, p) at two different beam energies, E d = 15 MeV, and E d = 25.5 MeV. The optical model potentials U Ad , U Ap used in the initial (deuteron) and final (proton) channels respectively were taken from the Perey and Perey compilation ( [19] ), and are summarized in Table I . For the final state interaction U An between the neutron and the 93 Nb target, we have slightly modified the energy dependent Koning-Delaroche global optical nucleonnucleus potential ( [18] ), by setting the real part parameter to V = 50.3 MeV in the whole energy range, and keeping the original energy dependence of the other parameters. This was needed to reproduce essential features of the 94 Nb nucleus. Furthermore, although we respect the energy dependence of the depth of the surface imaginary part W D of the KoningDelaroche potential, we do not let it fall below 4 MeV, corresponding to the experimental energy resolution of the data in [16] . The maximum partial wave l p used in the calculations is 15 and 20 for E d = 15 MeV and E d = 25.5 MeV respectively. The contribution of final neutron states with l ≥ 8 is found to be very small.
The deuteron ground state wavefunction is taken to be an L = 0 state with a radial wavefunction generated by a WoodsSaxon potential with radius R d = 0.4 fm and diffusivity a d = 0.6 fm. When the real depth is adjusted to reproduce the binding energy of deuteron, the resulting wavefunction is compatible with the experimental value of the mean square radius of the deuteron and the zero-range constant D 0 = −122.5 MeV.fm 3/2 . In Fig. 2 we show the proton energy distributions for 93 Nb(d,p) at 15 MeV and 25.5 MeV along with the data [16] . Also shown is the breakdown into elastic breakup (EB) and inelastic breakup (NEB). Our results indicate that the inelastic breakup is dominant at all energies, nevertheless elastic breakup is important particularly around the peak of the distribution. The comparison with the data demonstrates that our model provides a good account of the process. A close comparison with the theoretical results presented in [16] show significant differences that can be partially attributed to the neglect of the additional terms arising from non-orthogonality.
We also compared our results with those from [13] . At the peak of our distribution for the higher beam energy (E p = 14 MeV), the elastic breakup contributes 25% of the total cross section. This differs significantly from the results presented in [13] , where the elastic breakup is less that 10% of the total cross section at the peak. This is an important issue because elastic breakup will not lead to the neutron being captured into a compound state and therefore will need to be subtracted from the total cross section in order to apply the surrogate method. In the work of [13] , the elastic breakup is treated in a separate formalism, namely with the continuum discretized coupled channel method. In addition, given that the inelastic contribution is computed in the post formalism, the authors used continuum bins to address the convergence issues. A more detailed comparison between these two methods will be very useful.
For the surrogate method, the spin distributions of the (d,p) cross sections are important in making the connection to neutron capture (see Section I). In Fig. 3 we provide the breakdown in terms of the various angular momenta, for both beam energies considered. A strong peak is found around E p = 10 MeV, for L = 3 corresponding to a narrow resonance in the neutron-target system. A much broader resonance is present in the L = 1 channel and therefore the peak in that component is less pronounced. For L = 0 and L = 2, we can see the signature of the neutron-target bound states, at high proton energy. From the distributions in Fig. 3 , it is obvious that the Weisskopf approximation, typically used in the analysis of surrogate reactions, is not valid. The cross section is strongly dependent on the angular momentum and closely connected to the internal structure of the composite final state.
One attractive feature of the model here developed is the ability to provide, in a consistent framework, a description of neutron capture into the continuum and into bound states. The optical potential used to describe the n-target system is primarily based on fits to elastic scattering, appropriate for positive energies, but our results depend on the continuation of the potential to negative energies. In Figs. 2 and 3 , for the highest proton energies, corresponding to the neutron below threshold, we keep W D = 4 MeV, as stated above, to describe limited experimental resolution. In Fig. 4 , by contrast, we explore the effects of smaller imaginary terms in U An in the 93 Nb(d,p) reaction, by changing this value to W D = 0.5 MeV (a) and W D = 3 MeV (b). For the smallest imaginary term, bound states appear as narrow peaks. Increasing the imaginary term increases their widths. An example of this can be seen for the L = 2 states: when the imaginary term is small, we can resolve the L = 2 spin-orbit partners, while as we increase the imaginary term, these two states become blurred to the point of becoming indistinguishable in Fig. 3 . The arrows in Fig. 3 correspond to the location of the bound states for the real potential. We find that that in addition to the spreading of the states, the introduction of the imaginary component can also shift the peaks to higher energy. As discussed in section II C, the limit of W D = 0 MeV in our formulation corresponds to the standard DWBA transfer to bound states. We have indeed used this fact to check our calculations by comparing our results in this limit to those produced by Fresco [20] . Complete agreement was found.
The basis of the large controversy between the AV and the UT approaches stems from the non-orthogonality term, discussed in detail in section II B. It is therefore critical to understand the importance of this term in the calculations. In Fig. 5 we plot the inelastic breakup cross sections, with (solid line) and without (dashed line) the non-orthogonality term. The neutron energy distribution, for θ p = 10
• , is shown in panel (a) and the angular distribution, for two neutron energies, is shown in panel (b). The non-orthogonality term is most important at the peak of the energy distribution but remains important even when the neutron is captured into bound states. In terms of the angular distribution, the non-orthogonality term manifests itself mostly at forward angles. The results in Fig. 5 demonstrate the need for the inclusion of the nonorthogonality term in the prior-form formalism. The discrepancies found in the literature between the AV and the UT approaches are, to a large extent, a consequence of the fact that UT neglects the non-orthogonality term.
IV. CONCLUSIONS
We have derived, implemented and validated a practical theory for computing cross sections for inclusive processes of the type A(d,p)X, where only the proton is detected in the final state. This includes elastic breakup as well as all other inelastic processes. Our model is based on the assumption that the proton is a spectator and cannot excite the target. The same framework is able to describe these reactions across the full neutron energy range in a consistent manner. Our model is directly relevant to the application of the surrogate method for extracting neutron capture cross sections from (d,p) reactions. The present formalism can be generalized to describe the partial fusion of any cluster in a loosely bound projectile.
We discuss in detail the post and the prior formalism. While the cross sections derived in the post-form are formally more elegant, they pose convergence challenges. This challenge is removed in the prior formalism. However, additional terms due to non-orthogonality arise. We show that these terms are important and cannot be neglected for all energies of the detected proton. We also predict the spin distribution of the resulting compound nucleus, an important ingredient for the application of the surrogate method to extract neutron capture reactions. We show that the cross sections are strongly dependent on the angular momentum, a factor that needs to be incorporated in the analysis of the surrogate data. Finally, we also make predictions regarding the relative contribution of the elastic breakup and all other inelastic processes. The elastic breakup process does not lead to neutron capture and needs to be subtracted from the total (d,p) cross section when relating it back to (n,γ). In this work, we have resolved a decadesold controversy, namely that between Austern et al. and Udagawa et al., promulgating respectively the post and the prior methods for describing the inclusive process A(d, p)X.
While our method is able to describe the one example we have studied, it is important to perform a systematic study for various nuclei across the nuclear chart. Also, since our method makes consistent predictions for both the elastic and inelastic breakup, it would be very useful to have the measurement of elastic breakup for the same cases that have been studied with the inclusive experiments.
In comparing our methods with other calculations, we found small differences with [16] , which can be partially attributed to the neglect of the non-orthogonality induced terms. More concerning, we found significant differences with the predictions of [13] , particularly in the elastic breakup cross section. Given that in [13] the elastic breakup was obtained through a different formalism, the comparison is not straightforward. Nevertheless, a better understand on the source of the differences is desirable. Again, elastic breakup data for these cases would be useful.
Obtaining a reliable cross section for processes of the type A(d,p)X is only the first step in the application of the surrogate method. The elastic breakup cross section needs to be subtracted from the total cross section, and the remaining cross section needs to be treated within a statistical approach to determine the fraction of neutrons that end up being captured versus those that evaporate. The coupling to a statistical method is planned for the near future.
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